ABSTRACT. In this paper, we show the convexity of the image of a moment map on a transverse symplectic manifold equipped with a torus action under a certain condition. We also study properties of moment maps in the case of transverse Kähler manifolds. As an application, we give a positive answer to the conjecture posed by Cupit-Foutou and Zaffran.
INTRODUCTION
In [10] , a family of complex manifolds (say LV manifolds here) which includes classical Hopf manifolds and Calabi-Eckmann manifolds are constructed by López de Medrano and Verjovsky. Most of LV manifolds are non-Kähler; it is shown that an LV manifold admits a Kähler form if and only if it is a compact complex torus of complex dimension 1. In [9] , as a contrast, it is shown by Loeb and Nicolau that each LV manifold carries a transverse Kähler vector field. In [11] , Meersseman generalizes the construction of LV manifolds and gives a new family of complex manifolds which are known as LVM manifolds. As well as LV manifolds, an LVM manifold admits a Kähler form if and only if it is a compact complex torus. He also constructs a foliation F on each LVM manifold and shows that F is transverse Kähler. In [4] , Bosio generalizes LVM manifolds and now they are known as LVMB manifolds. As well as LVM manifolds, if an LVMB manifold is Kähler then it is a compact complex torus. The first example of LVMB manifold which is not biholomorphic to any LVM manifold is given by Cupit-Foutou and Zaffran in [6] . In particular, the family of LVMB manifolds properly contains the family of LVM manifolds. In [3] , Battisti gives an explanation of the difference between LVM manifolds and LVMB manifolds in terms of toric geometry.
In [6] , Cupit-Foutou and Zaffran also construct a foliation F on each LVMB manifold, as a natural generalization of the case of LVM manifolds. They show that, under an assumption, if the foliation F on an LVMB manifold M is transverse Kähler then M is an LVM manifold. From this point of view, they give the following conjecture which is the motivation of this paper:
Theorem 1.4 (see also Theorem 5.7). Let M be a compact connected complex manifold equipped with a maximal action of a compact torus G which preserves the complex structure J on M. If F g J is transverse Kähler, then a moment map Φ with respect to a Ginvariant transverse Kähler form exists and Φ(M) is a convex polytope normal to q(∆). Conversely, if q(∆) is polytopal, then F g J is transverse Kähler.
As an application of Theorem 1.4, we show that Conjecture 1.1 is true. This paper is organized as follows. In Section 2, we investigate Hamiltonian functions for almost periodic vector fields on transverse symplectic manifold and show the convexity of the image of a moment map with an almost same argument as Atiyah. In Section 3, we construct a G-invariant foliation F g J on a complex manifold equipped with an action of a compact torus G. In Section 4, we show that the foliation F g J is a lower bound of Ginvariant foliations that admit moment maps. In Section 5, we consider the case of maximal torus action and give a proof of the conjecture posed by Cupit-Foutou and Zaffran. Convention and notation. For a smooth manifold M and a smooth foliation F on M, we denote by T F the subbundle of the tangent bundle T M consisting of vectors tangent to leaves of F . Let G be a compact torus acting on M smoothly. We say that F is Ginvariant if T F is a G-equivariant subbundle of T M. We denote by g the Lie algebra of G. Through the exponential map, g also acts on M. For a subspace g ′ that acts on M local freely, we denote by F g ′ the foliation on M whose leaves are g ′ -orbits. For a point x ∈ M, we denote by G x the isotropy subgroup of G at x. We also denote by g x the Lie algebra of G x . Remark that g x is not the isotropy subgroup of g at x. For v ∈ g, we denote by X v the fundamental vector field generated by v on M. For a vector field X on M, we denote by X x the value of X at x. For the fundamental vector field, we denote by (X v ) x the value of X v at x. For a differential form ω, we denote by ω x the value of ω at x. We denote by L X ω the Lie derivative for ω along X and by ι X ω the interior product of X and ω. We identify R with the Lie algebra of S 1 by the differential of the map t → e 2π √ −1t . For α : G → S 1 , we denote by dα the differential at the unit of G and dα is regarded as an element in g * . We denote by H 1 F (M) the first basic cohomology group with coefficients in R.
THE CONVEXITY THEOREM
Let M be a smooth manifold and let F be a smooth foliation on M. A transverse symplectic form ω with respect to F is a closed 2-form on M whose kernel coincides with T F . Let ω be a transverse symplectic form on M with respect to F . Let a compact torus G act on M effectively. We assume that the action of G preserves ω (and hence, F is G-invariant). In this case, by Cartan formula we have that
A moment map Φ with respect to ω exists if and only if ι X v ω is exact for any v. In particular, the obstruction for the existence of moment map sits in H 1 F (M). The purpose in this section is to show the convexity of the image of a moment map under certain conditions by an almost same argument as Atiyah (see [1] ). Let {ψ α : U α → V α } α be foliation charts of (M, F ). The local leaf space U α /F is diffeomorphic to an open subset of R dim M−dim F . The quotient map π α : U α → U α /F is a fiber bundle whose fibers are diffeomorphic to open balls of dimension dim F . The transition functions ψ αβ : ψ β (U α ∩U β ) → ψ α (U α ∩U β ) can be written as
Let ω be a G-invariant transverse symplectic form on M with respect to F and suppose that dim F = ℓ and dim M = 2n +ℓ. ω descends to a symplectic form ω on π(U ′ ). By equivariant Darboux theorem, there exist
) is a local foliation chart near x. We state this fact as a lemma for later use. 
Therefore
On the other hand,
Since π * is injective and ϕ x is a diffeomorphism, we have that
with the coordinates (x 1 , . . . , x n , y 1 , . . . , y n ). Therefore
and hence
Therefore (ϕ −1 x ) * h v is nondegenerate at 0 and the index at 0 is twice as many as the number of α i such that dα i , v x < 0. Since ϕ x • π : U x → V x is a fiber bundle, h v is nondegenerate at x and the index at x is twice as many as the number of α i such that dα i , v x < 0, proving the lemma. The following is the key of the convexity theorem. 
By Lemmas 2.2 and 2.5, if M is compact then the level set
is a transverse symplectic form with respect to the foliation
Since c is a regular value, (−ι X v i ω) x is linearly independent for all i. This together with that the action of g ′ is local free yields that (X v ′′ ) x = 0 if and only if v ′′ = 0 for v ′′ ∈ g ′′ . Therefore the action of g ′′ is local free.
is a transverse symplectic form with respect to F g ′′ , proving the lemma. Now we are in a position to prove the convexity theorem. 
Then the followings hold: Proof. The proof consists of following steps.
Step
Step 2. (A k ) holds by induction on k.
Step 3.
Remark that it follows from the connectedness of M that (B 1 ) holds because h(M) is a closed interval in R.
Therefore each fiber of h ′ is connected unless empty. Let x, y ∈ h(M) and assume that π is surjective and π(x) = π(y) = c. Since the fiber π −1 (c) is a line in R k+1 , it suffices
Step 2. It follows from Lemmas 2.2 and 2.5 that (A 1 ) holds. Assume that (A k ) holds. Let v 1 , . . . , v k+1 ∈ g and assume that there exists a smooth function
(c k+1 ) is connected unless empty. If h has no regular value, then one of dh v i is a linear combination of the others. By assumption that (A k ) holds, we are done. Assume that h has a regular value. Then, the set of regular values is dense in h(M). By continuity, we only need to show that h −1 (c) is connected for any regular value c. Then, N := h −1
Moreover, it follows from Lemma 2.6 that ω| N is a transverse symplectic form on N with respect to F g ′′ on N, where
Step 3. The former assertion that states that h(Z j ) is a point c j is obvious. Let H be the 
where
Since A is dense in R k , the right hand side of (2.2) is the convex hull of c j 's. It follows from (B k ) and c j ∈ h(M) for all j that h(M) is the convex full of c j 's, proving the theorem.
HOLOMORPHIC FOLIATIONS FROM TORUS ACTIONS
Let M be a complex manifold and let G be a compact torus acting on M as holomorphic transformations. In this section, we define a subspace g J of g which acts on M local freely by using the complex structure J on M and the action of G. We begin with the following lemmas. 
By averaging on G x , we have a G x -equivariant holomorphic map
ϕ ′ is no longer injective, but, (dϕ ′ ) x = id T x M . Therefore, it follows from the implicit function theorem that there exists an open subset U of U 0 such that ϕ ′ | U : U → ϕ ′ (U ) is biholomorphic. As before, we may assume that U is G x -invariant and then V := ϕ ′ (U ) is also 
and y i denote the real and imaginary part of z i , respectively. Then, through the local coordinate (z 1 , . . . , z n ) we can represent X and JX as
On the other hand, J is represented as
Therefore, by substituting ε, 0 < |ε| << 1 for x i and y i , we have that
for all i = 1, . . ., n. Thus we have dα i , v = 0 for all i = 1, . . . , n. Since the action of G on M is effective and M is connected, dα i ∈ g * for i = 1, . . ., n spans g * . This together with the fact that dα i , v = 0 for all i shows that v = 0. This contradicts the assumption that X = X v is nonzero and hence JX is not almost periodic, as required.
Proposition 3.3. Let M be a connected complex manifold with the complex structure J. Let G be a compact torus acting on M effectively and as holomorphic transformations. Define
Then, (1) g J is a Lie subalgebra of g. Let M be a connected complex manifold with the complex structure J and let a compact torus G act on M effectively and as holomorphic transformations. By Proposition 3.3, g J acts on M holomorphically and local freely. Therefore we have a holomorphic foliation F g J whose leaves are g J -orbits.
TORUS INVARIANT TRANSVERSE KÄHLER FOLIATIONS
A transverse Kähler form is a special kind of transverse symplectic form. Let M be a complex manifold with the complex structure J. Let F be a holomorphic foliation on M. A real 2-form ω on M is called transverse Kähler with respect to F if the following conditions are satisfied:
(1) ω is transverse symplectic with respect to F . (2) ω is of type (1, 1) . Namely, Since ω is closed, so is ω ′ . Since G acts on M preserving the complex structure J, ω ′ is a positive (1, 1)-form. It remains to show that ker ω ′ x = T x F for all x ∈ M. By definition, for Thanks to Proposition 4.1, if a G-invariant foliation F is transverse Kähler, we may always assume that the transverse Kähler form with respect to F is G-invariant without loss of generality.
For foliations F 1 and F 2 on a smooth manifold M, we denote by
Our next purpose is to give a lower bound of G-invariant transverse Kähler foliations that admit moment maps.
Proposition 4.2. Let M be a connected complex manifold with the complex structure J. Let a compact torus G act on M effectively and as holomorphic transformations. Let F be a G-invariant holomophic foliation and let ω be a G-invariant transverse Kähler form with respect to F . If there exists a moment map with respect to
Proof. Let Φ : M → g * be a moment map. We denote by h v the smooth function given by h v (x) = Φ(x), v for v ∈ g and x ∈ M. Since h v is G-invariant for v ∈ g, we have that
by (4.1). Therefore (X v ) x ∈ T x F for all x and hence F g J ⊆ F , as required. 
The smoothness is obvious. The theorem is proved.
We call Φ : M → (g/g J ) * a lifted moment map. As a corollary of Theorems 2.7 and 4.3, we have the following.
Corollary 4.4. Let M be a compact connected complex manifold. Let a compact torus G act on M effectively and preserving the complex structure J on M. Assume that F g J is transverse Kähler and there exists a moment map Φ : M → g * with respect to a G-invariant transverse Kähler form. Then, the image of M by a lifted moment map
Φ : M → (g/g J ) * is a convex polytope in (g/g J ) * .
THE EXTREME CASE
In this section, we consider the extreme case. First we recall the notion of maximal torus action introduced in [8] . Let M be a connected smooth manifold equipped with an effective action of a compact torus G. Then, for any point x, we have that dim
Any compact connected complex manifold M equipped with a maximal action of a compact torus G which preserves the complex structure can be described with a fan ∆ in g and a complex subspace h of g C .
Theorem 5.1 (see [8]). Let M be a compact connected complex manifold M equipped with a maximal action of a compact torus G which preserves the complex structure J. Then, there exists a nonsingular fan ∆ in g and a complex subspace h such that M is Gequivariantly biholomorphic to X (∆)/H, where X (∆) denotes the toric variety associated with ∆ and H := exp(h) ⊆ G C X (∆).
We shall recall how to deduce ∆ and h from M briefly. Each connected component of the set of fixed points of a circle subgroup of G is a closed complex submanifold of M. If such a submanifold has complex codimension one, then we call it a characteristic submanifold of M. The number of characteristic submanifolds is at most finite. Let N 1 , . . . , N k be characteristic submanifolds of M. Each characteristic submanifold N i is fixed by a circle subgroup G i of G by definition. To each characteristic submanifold N i , we assign a group isomorphism λ i :
We can think of λ ∈ Hom(S 1 , G) as a vector in g by dλ (1) ∈ g. We have a collection ∆ of cones
where pos(λ i | i ∈ I) is the cone spanned by λ i for i ∈ I. It has been shown that ∆ is a nonsingular fan in g with respect to the lattice Hom (S 1 , G) . Since the action of G preserves the complex structure J on M, it extends to a holomorphic action of G C on M. Then the complex subspace h of g C = g ⊗ C = g ⊗ 1 + g ⊗ √ −1 is defined to be the Lie algebra of global stabilizers of the G C -action on M. Namely,
The pair of ∆ and h satisfies the followings.
(1) The restriction p| h of the projection p :
(2) The quotient map q : g → g/p(h) sends ∆ to a complete fan q(∆) in g/p(h). Conversely, if ∆ and h satisfy the conditions (1) and (2), then the quotient X (∆)/H is a compact connected complex manifold and the action of G on X (∆) descends to a maximal action on X (∆)/H. 
the image of X (∆)/H by a lifted moment map Φ is a convex polytope and Φ(X (∆)/H) is a normal polytope of q(∆).
Before the proof of Lemma 5.3, we shall recall notions of normal fan and normal polytope. Let P be an n-dimensional polytope in a vector space V * of dimension n. For a vector α ∈ V , we put
F v is a face of P that attains the minimum value of v. For a face F of P, the (inner) normal cone σ F of F is given by
Its relative interior is given by {v ∈ V | F v = F}. The (inner) normal fan of P is the correction ∆ P := {σ F } F of cones σ F for the faces F of P. Conversely, for given fan ∆ in V , a polytope P in V * whose (inner) normal fan coincides with ∆ is called an (inner) normal polytope of ∆. If such a polytope P exists for ∆, then ∆ is said to be polytopal. Now assume that ∆ is a nonsingular fan in g. We also prepare several notations of submanifolds. For a cone σ ∈ ∆, we denote by X σ the closed toric subvariety of X (∆) corresponds to σ . If λ 1 , . . . , λ k ∈ Hom(S 1 , G) be the primitive generators of 1-cones of ∆, σ can be written as σ = pos(λ i | i ∈ I) for some I ⊆ {1, . . ., k} and (λ i ) i∈I is a part of Z-basis of Hom(S 1 , G). More precisely, each point of X σ is fixed by a subtorus G σ of G, and (λ i ) i∈I is a Z-basis of Hom(S 1 , G σ ). The image Y σ of X σ by the quotient map X (∆) → X (∆)/H is a closed submanifold of X (∆)/H because X σ and Y σ both are connected components of the set of fixed points by the G σ -actions. If we denote by (α I i ) i∈I the dual basis of (λ i ) i∈I , the set of nonzero weights of T x Y σ coincides with (α I i ) i∈I for all x ∈ Y σ .
Proof of Lemma 5.3 . We may assume that q * • Φ = Φ without loss of generality.
We shall see that each connected component of the set of critical points of h v is one of Y σ for some σ ∈ ∆.
Therefore, the set of critical points is
Assume that h v takes the minimum value 
Conversely, if a face F of P is given by P ∩ H q(v),a v , then F is the image of Y σ by Φ, where σ is the cone such that q(v) sits in the relative interior of q(σ ). It turns out that for each face F of P there exists a cone σ such that the inner normal cone of F coincides with q(σ ). Hence P is a normal polytope of q(∆), as required. Let β be a 1-form on X (∆ Σ )/H. β is closed and basic for F g J if and only if dβ = 0 and ι X v β = 0 for any v ∈ g J . Let π : X (∆ Σ ) → X (∆ Σ )/H be the quotient map. π * β is a 1-form basic for F h . That is, ι X u π * β = 0 and ι X u dπ * β = 0 for u ∈ h. Therefore we need to show that a closed 1-form γ on X (∆ Σ ) satisfying
is exact. Let γ be such a 1-form on X (∆ Σ ). By averaging γ with the action of G, we may assume that γ is G-invariant without loss of generality. Since γ is real, we can represent
with smooth functions f i :
Since γ is G-invariant, we have that there exists a i ∈ R such that 2π If
Since p(h) = g J by Proposition 5.2, it follows from (5.1) and (5.2) that the conditions ι X v γ = 0 for v ∈ g J and ι X u γ = 0 for u ∈ h are equivalent to
Assume that {1, . . ., n} ∈ Σ is a maximal simplex. Then, q(e 1 ), . . ., q(e n ) form a basis of g/g J . Let α 1 , . . . , α n be the dual basis of q(e 1 ), . . . , q(e n ). Then, we have a basis
of g J = ker q. Therefore we have that (5.3) is equivalent to Conversely, we can construct a transverse Kähler form on X (∆ Σ )/H with respect to F g J from a normal polytope P of q(∆). Essentially, this fact has been shown in [9] and [11] . But, the "language" in this paper is slightly different from them. For reader's convenience, we give a brief explanation of the construction of a transverse Kähler form without a proof. Let P be a normal polytope of q(∆ Σ ) represented as
The map q * : (g/g J ) * → g * is an injective map. We consider the embedding
where e * i denotes the i-th dual basis vector of the standard basis e 1 , . . . , e m of g = R m . Let i : g J → g be the inclusion and consider the dual map i * : g * → g * J . The image of embedded P is the point i * (∑ 
G acts on X (∆ Σ ) preserving ω st . The map Φ : X (∆ Σ ) → g * given by
is a moment map with respect to ω st . For the compostion i * • Φ : X (∆ Σ ) → g * J , the value β ∈ g * J is a regular value and (i * • Φ) −1 (β ) =: Z P is a smooth manifold equipped with an action of G and the G-invariant transverse symplectic form ω := ω st | Z P with respect to F g J . Each orbit of H intersects with Z P at exactly one point in Z P , and hence the inclusion Z P → X (∆ Σ ) induces an equivariant diffeomorphism ϕ : Z P → X (∆ Σ )/H. The form (ϕ −1 ) * ω on X (∆ Σ )/H is what we wanted. The image of a lifted moment map is nothing but P up to translations. We give remarks on the foliation F g J and equivariant holomorphic principal bundles. Let M 1 and M 2 are complex manifolds with the complex structures J 1 and J 2 , respectively. Assume that compact tori G 1 and G 2 act on M 1 and M 2 respectively. If we have an equivariant principal holomorphic bundle π : M 1 → M 2 , it is easy to see that T x F g 1J 1 = (dπ) −1 x (T π(x) F g 2J 2 ) for all x ∈ M 1 . Therefore we can obtain every basic form for F g 1J 1 from a basic form for F g 2J 2 by the pull-back operator π * . Moreover, every basic form for F g 1J 1 is also basic for the action of ker α (that is, invariant under the action of ker α and the interior product with fundamental vector fields generated by the action of ker α vanishes). Therefore there exists the inverse operator (π * ) −1 of π * defined for basic forms for [8] that a compact connected complex manifold M equipped with a maximal action of a compact torus G is obtained as a quotient of an LVMB manifold with indispensable integer 0. Therefore, we can characterize the manifold with a maximal torus actions which admits a transverse Kähler form with respect to F g J . As a corollary, we show that the conjecture posed in [6] holds. 
